This paper considers a type of generalized large q SYK models which include multibody interactions between Majorana fermions. We derive an effective action in the limit of large N and large q (with q 2 N small), and find a universal expression for thermodynamical quantities. We also consider the chaos exponent using the retarded kernel method and find an efficient way to calculate the Lyapunov exponent for generalized large q SYK models numerically.
Introduction
The Sachdev-Ye-Kitaev model [1, 2, 3, 4] is a quantum mechanics model describing Near Extremal Black Holes [5, 6] . It is also the first example demonstrating NAdS 2 /NCFT 1 holographic duality [7, 8, 9, 10] . The standard SYK model contains N Majorana fermions with random q-local interactions. We consider a variant of this model by including various types of all-to-all interactions and solve the theory in the double-scaling limit [11, 12, 13, 14, 15] where we take q and N to infinity and keep q 2 N fixed and small. We show that the large N effective action (14) describes a two dimensional scalar field with a general potential. Using the effective action, we derive its themodynamic relation and the Lyapunov exponent of OTOC (out-of-time-ordered correlator). We find that the OTOC is given by the Lorentzian propagator of the scalar field and therefore is controlled by its potential. In the generalized large q SYK model we are considering, the chaos exponents correspond to the energies of the bound states and we will show that in such models there exists a unique Lyapunov exponent.
This work can be used to understand the qualitative behavior of Lyapunov exponent under relevant deformations. Our generic expectation about the Lyapunov exponent is that it is governed by IR modes of the theory. This means irrelevant deformations will not induce any change of the Lyapunov exponent as well relevant deformations will become important as we lower the temperature. And when the relevant deformation grows, the dynamics will be dominated by the lowest dimensional operator, e.g if we add a mass term the theory will be gapped and there is no chaos behavior [16, 17] ; if the lowest dimensional operator is four fermion interaction or higher, the theory flows to the standard SYK model with maximal Lyapunov exponent. It is the behavior of the transition along the RG flow that we want to address.
The paper is organized as follows: in section two, we set up the analytic investigation of the generalized large q SYK model and derive the double-scaling effective action; in sections three and four we derive its thermodynamic relation and study the Lyapunov exponent; in section five, we explore some concrete examples including large q and 2q model, and a scaling model where the interactions contain all q-fermion interactions with a particular distribution of the coupling strength; in section six, we show that the Lyapunov exponent is unique. 
The random interaction strength J i 1 ...iq satisfies a gaussian distribution:
There are several important features of this model in the limit of N going to infinity: First, Feynman diagrams are dominated by melonic diagrams; Second, the theory is exactly solvable if we further assume q is large; Third, when q > 2, the model develops conformal symmetry at IR; Fourth, the conformal symmetry is slightly broken leaving only a SL(2,R) subgroup unbroken, and the pseudo-Golstone boson is controlled by the Schwarzian action; Last, the unbroken SL(2,R) symmetry gives rise to the maximally chaotic behavior of SYK at IR [18, 19] .
If one is only interested in the low energy behavior of this theory then only the lowest dimensional operator matters so it can be classified to be either gapped (when the lowest dimension operator is two-local) or maximally chaotic (when the lowest dimension operator is four-local or higher). However, since here we want to talk about the Lyapunov exponent at all temperature scales, different types of interactions will indeed change its behavior. On that account we extend our Hamiltonian to include different types of interactions denoted
We are taking J i 1 ...iq to be independent gaussian disorder variables with zero mean and variance J 2 q (q−1)! N q−1 . In the limit of large N , we can use melon diagrams (figure 1) to write down the Schwinger-Dyson equation in Euclidean time τ :
where we define the disordered average two point function in a thermal state
with ρ(β) = e −βH being the density matrix and we have used the time translation invariance to simplify the two point function. Σ(τ ) is the self energy and is represented by the black bulb in figure 1 . The self energy is a sum of different products of two point function determined by our interaction. Allowing some of the J q i 's to be zero, we can assume {q i } is a sequence with increment 2 from q 1 to q K . Clearly, from the SD equation, the low energy limit is only determined by q 1 in the summation of self energy. To solve the SD equation at all temperature scales analytically, we can take the large q limit. To be more precise, we consider the case that all the q i scale to infinity at the same rate:
We call this model (7) the generalized large q SYK model. 1 One can also try to keep some of the q i finite, which corresponds to deforming the Hamiltonian with a finite q deformation. One such example is to deform the large q SYK with mass term, which has a low energy interpretation of a double trace deformation of JT gravity [20, 21, 22, 23] . We can use the following ansatz to solve the SD equations
The SD equations imply that
where J 2 (α) = q2 1−αq J 2 (α) and we define U (g) such that the SD equations become Newton's equation for a particle under a classical force U (g). The KMS condition demands that the particle bounces back to its original location after time β, i.e. g(0) = g(β) = 0 (See figure 2) . We also see that U (g) can be very general since it is a Laplace transformation of an arbitrary positive function J 2 (α). If we further define the potential
1 Strictly speaking, this Hamiltonian is only defined if the J(α) is centered at even integer values of αq. In large q limit, as we have shown above, one can just treat it as a positive continuous function of α. 2 Higher order in 1 q was considered in [24] .
where g m is the location at which the particle bounces (g m ≤ g(τ ) ≤ 0) back and it is related to β by:
From the definition of U (g), the potential W (g) has the property that all its derivatives are negative and in particular it is monotonic and always less than zero. Therefore, when g m becomes more and more negative, the temperature of the system approaches to zero. So the system flows from UV to IR as we move leftwards along the g-axis as shown in Figure ( 2). The figure depicts the scattering of a particle from the potential W (g). The total time it takes for the particle to return to the origin defines β. Increasing β corresponds to scattering the particle with a higher energy and the particle penetrates deeper into the g < 0 region. The thermodynamic quantities are determined by the potential in the region g m ≤ g ≤ 0 while the Lyapunov exponent is determined by the potential in the region g ≤ g m .
The large q Schwinger-Dyson equation can also be derived from the large N effective action obtained from the original fermion path integral using the replica method. In the standard large q SYK model, one arrives at a Liouville field theory [20] . Using the same derivation with some small modifications, our effective action becomes:
where
log 2 is the entropy of N free Majorana fermions. The derivation of the effective action is included in appendix A. The g field is defined in equation (9) . It is symmetric with respect to τ 1 and τ 2 as dictated by fermion statistics. Also from the KMS condition, it is periodic with inverse temperature β. Finally, since the theory is free at UV, it vanishes at coincident points: g(τ, τ ) = 0. We can also define the following coordinates
which can be considered as describing the kinematic space. In terms of the kinematic space coordinates, the action (14) describes the most general type of scalar field theory, though we need to keep in mind that the possible forms of the potential W (g) are restricted. From this effective action, we can calculate the two point function G(τ 1 , τ 2 ) to leading order 1 q by simply taking its expectation value:
where g(τ 1 , τ 2 ) represents doing functional integral over g with the effective action (14).
In the large N limit, the expectation value is determined from its classical solution and is the same as (12) from the SD equation after using the translation symmetry. Below, we will use this action and its classical solution to study the thermodynamics and chaos behavior of the generalized large q SYK model.
Thermodynamic quantities
In the leading large N approximation, the free energy can be obtained by simply evaluating the on-shell action (14) of its classical solution. In particular, we will study the classical solution which has the translation symmetry so that g(τ 1 , τ 2 ) = g(τ 12 ). The on-shell action for such classical solution (12) then becomes (subtracted by S 0 ):
It will be convenient to define the constant N = N 8q 2 . We can use (12) to get rid of the kinetic term and arrive at the following expression for free energy:
where g m as we have discussed in the previous section is the locus where the particle bounces back. Since g m is uniquely determined by the temperature β, we shall treat g m as the thermodynamic variable. We can calculate the energy using the following argument: if we consider J 2 (α) = J 2 f (α) where J is a constant that defines the scale, then β and J should appear together in the expression. The only J dependence in (14) is from the potential W (g) and this gives us
Therefore, we can also express the energy E in terms of the potential W (g) and the thermodynamic variable g m as:
We find that the expression of the free energy F and the expression of the energy E only differs by N βW (g m ) + T S 0 which is equal to the product of temperature and entropy. Therefore, all the thermodynamic quantities can be determined from the potential W (g) and the variable g m in the generalized large q SYK model:
It is not obvious from the expressions (21) that the energy E and the entropy S would satisfy the thermodynamic relation. However, we can check explicitly that these expressions indeed satisfy the thermodynamic relation
Because the thermodynamic variable g m is uniquely determined by β, we can equivalently check the relation
The explicit calculations give
We see that our expressions for the thermodynamic quantities of the generalized large q SYK model do satisfy the thermodynamic relation.
Chaos exponent
In this section we study the chaos behavior of the generalized large q SYK model. We need to consider the following out-of-time-ordered correlation function (OTOC) in Lorentizian time [2] 
Tr
The fermions in (24) are separated by a quarter of the thermal circle. Instead of calculating F (t 1 , t 2 ) directly, we could obtain it by the analytic continuation of the Euclidean correlator
by (16), we need to compute the Euclidean correlator g(τ 1 , τ 2 )g(0, 0) β using the large N effective action (14) . It is more convenient if we change to the kinematic space coordinates (15) and analytically continue back to Lorentzian signature. The resulted Lorentzian action is
where t and σ are the analytic continuations of the kinematic space coordinatesτ and σ defined in (15). In the large N limit, the leading connected piece in g(t, σ)g(0, 0) β (t = t 1 + t 2 and σ = t 1 − t 2 ) will be given by the two-point function of the fluctuation g(t, σ) around the classical solution g c (σ): g(t, σ)g(0, 0) β . The quadratic effective action for g(t, σ) is
The two-point function K(t, σ) = g(t, σ)g(0, 0) β is just the propagator of g, which satisfies the differential equation
Since we want to study the exponential growth of K(t, σ) at late time, we will use the ansatz K(t, σ) = e λt 2 f λ (σ) as guaranteed by the translation symmetry of t in (27) and look in the regime t 1. After plugging the ansatz into (27), we obtain the following differential equation for f λ (σ):
which is same as the Schrödinger equation for a particle moving in the potential ∂ 2 gc W (g c (σ)). Thus, the problem of finding the Lyapunov exponent for the generalized large q SYK model becomes a quantum mechanical problem of finding the spectrum of the bound states for a particle in the ∂ 2 gc W (g c (σ)) potential. Although the form of potential W as a function of g is simple, the form of the classical solution g c (σ) is usually complicated. Therefore, it is more useful if we can express (28) purely in terms of variable g. We can obtain a relation between the two variables g and σ by analytically continuing (12):
Here the variable g is in the range (−∞, g m ), so the particular branch we have chosen corresponds to σ ∈ (0, ∞). For σ ∈ (−∞, 0), we need to choose the other branch to do the analytic continuation. Here, we will just work with the branch corresponding to σ > 0 so we can express σ in terms of g by the following equation:
with g ∈ (−∞, g m ).
Recall that when we calculate the various thermodynamic quantities in the previous section, we only need the information about the potential W (g) in the region g ∈ (g m , 0) while here we see that the chaos behavior is completely determined by the part of the potential W (g) in the region g ∈ (−∞, g m ) in figure 2 . This manifests the fact that the chaos behavior is controlled by the IR degrees of freedom of the system. Now we can use (30) to write the differential equation (28) purely in terms of g variable with g in the range of (−∞, g m ) as
which we can use to calculate numerically the Lyapunov exponent without solving (12) directly. The boundary condition for the ground state wavefunction is f λ (g m ) = 0.
Results of specific models

Large q and 2q model
We consider the model which corresponds to the SYK model with a large q and 2q interactions. Specifically, the Hamiltonian for the model is
Using our formalism, this corresponds to a generalized large q SYK model with the following U (g):
The corresponding potential W (g) is then W (g) = −2J 2 e g − 1 2
K 2 e 2g . We can express the inverse temperature β in terms of the thermodynamic variable g m defined in previous section by using (13) . We then obtain the following relation:
where the Θ is defined as
For fixed J and K, we see that as g m goes from 0 to −∞, the angle Θ ranges from 0 to π and β increases from 0 to ∞. Since K appears in both (35) and (36) with e gm prefactor, at low temperature (g m 0) K is strongly suppressed, which is expected because at IR the q-fermion interaction dominates. The entropy for this model can be calculated using (21) and we get
At zero temperature, the correction becomes − π 2 4q 2 which is identical to the standard large q SYK model as expected.
We can numerically calculate the Lyapunov exponent for this model using (31). On the other hand, we can actually solve (34) analytically and then use perturbation theory to calculate the Lyapunov exponent at the low temperature regime where the q-fermion interaction dominates and at the high temperature regime where the 2q-fermion interaction dominates. The details of the perturbative calculations are included in the Appendix C. We show in figure 3 the numerical result for the Lyapunov exponent at different temperature scales and compare it with the analytic results from the perturbation theory. The red (dotted) curve shows the behavior of the Lyapunov exponent at the temperature where the 2q-fermion interaction dominates, and the perturbation calculation shows that adding the relevant interaction decreases the chaos exponent until the relevant perturbation dominates which is described by the green (dashed) curve. At lower temperature the theory is described by standard SYK with single q-fermion interactions.
Scaling model
In this section, we consider the model with the couplings J 2 (α) = J 2 α n which we will refer as the scaling model for the reason shown afterwards. This model corresponds to the following U (g) and W (g):
The thermodynamic quantities can be calculated using (20) and (21):
4 This is an approximation only applicable in the large q limit where the lower cutoff should be order of The relation between g m and β is given by (13) as
So we can express S and βE in terms of βJ as
with C n a constant coefficient that only depends on n. We see that this model has the interesting feature that the entropy S − S 0 and the energy E scale with β. It is for this reason that we refer the model as the scaling model. The Lyapunov exponent can be calculated numerically using (31). If we introduce the new variable x ∈ [1, ∞) defined by g = xg m and use the relation (40), then the equation (31) becomes
. We see that the rescaled chaos exponent λβ 2π
does not change with temperature in this model, a feature absent in other SYK models. We plot in figure 4 the rescaled chaos exponent against the power n and we observe that the rescaled chaos exponent approaches to the chaos bound as n increases. 6 Eigenvalue structure of the chaos exponent equation
As we have shown in the previous section, the problem of calculating the chaos exponent in the generalized large q SYK model with the potential W (g) is equivalent to the quantum mechanics problem of finding the energy spectrum of the bound states for a particle moving in the potential ∂ 2 g W (g). From the definition (11) of U (g) and U (g) = −∂ g W (g), we see that the possible form of W (g) is quite restricted in the generalized large q SYK model. Specifically, W (g) has to be the Laplace transformation of a negative distribution and thus has the following properties:
1. W (g) goes to a constant as g → −∞. This constant is arbitrary so we can always set it to be zero.
2. Any number of derivatives of W is always negative. In particular, W (g) is monotonically decreasing.
3. W (g) is well defined for g ∈ (−∞, 0).
As a result, the potential ∂ 2 g W (g) will always have a bound state. This implies that there is always an exponential growth at the late time for OTOC in the generalized large q SYK model.
It is natural to ask if there is any subleading exponential growth in the late time OTOC for the model. 5 In terms of the equivalent quantum mechanics problem, this translates to the question if there exists any other bound states besides the ground state. Here we shall argue that there is no such bound states, so no subleading chaos growth in the generalized large q SYK model. Although it is difficult to solve the bound state spectrum directly for general potential ∂ 2 g W (g), we notice that there always exits a scattering state with λ L = 0. The wavefunction of this state is given by
We can verify this directly by plugging into the chaos exponent equation (27) and recall that g (t) = −U (g) = ∂ g W (g). Such a mode with zero chaos exponent has to exist because of energy conservation and we see explicitly that the eigenfunction is generated by taking a time derivative. Furthermore, this scattering state has only one zero point at g = g m since W (g) monotonically decreases. By the node theorem from quantum mechanics, this should be the first excited state and therefore the spectrum of the system consists of only one single bound state, which means a unique Lyapunov exponent.
Conclusion
In this paper we studied the generalized large q SYK models. We derived the expressions for the thermodynamic quantities such as energy (20) and entropy (21) and wrote down the general equation to calculate the chaos exponent (31) in such models. We pointed out that the equation (31) is convenient to do numerical calculations and analyzed its eigenvalue structures. In particular our analysis showed that there exists only one Lyapunov exponent in the generalized large q SYK models and we expect this is a general feature for ladder diagram dominated models. We studied two particular models: the first is the large q and 2q model where the chaos exponent displays initial decrease under relevant deformation; the second is the scaling model where the chaos exponent is a constant ratio of the maximum value at all temperatures.
where the bar indicates averaging over the disorder and Z M is the partition function of M copies of the system. Specifically, we have
where a is the replica index, a ∈ {1, . . . , M }, i ∈ {1, . . . , N }, and I in J I (α) is the collective index representing i 1 . . . i αq , and P [J I ] is the probability distribution for J I (α) which gives (8) . We can regard J I as a dynamical field with propagator (8) and integrate it out. The result is
Next we introduce the collective fields
and insert into (46) the following delta function
This leads to
Now we can integrate out the fermions and arrive at
Finally, we shall assume a replica symmetric saddle point so that
where the large N effective action S E is
αq (52) Using (9) and (10), the determinant term can be expanded in large q limit as
with
The Tr log(G −1 0 ) term gives the entropy of free fermions while the Tr(G 0 * Σ) term vanishes. Ignoring the constant piece, we have to order q −2 :
If we define
Then it follows that
and (54) becomes
After integrating out Φ, we obtain (after subtracting the constant piece)
To arrive at the first line, we use the property that g(τ 1 , τ 2 ) = g(τ 2 , τ 1 ) from the definition of G(τ 1 , τ 2 ) and the last line follows from the definition of U (g) and W (g).
B Thermodynamics of the standard large q SYK model
In the large q limit of the standard SYK model [4] , we have U (g) = 2J 2 e g and W (g) = −2J 2 e g . Then it follows from (13) that
If we define ν such that tan( πν 2 ) = √ e −gm − 1, then we have the relations
Using (60) and (21), we have
We can use (60) to obtain the low-temperature expansion of ν as
which reproduces the − π 2 4q 2 term of the zero-temperature entropy of the standard large-q model result.
C Perturbative calculations in large q and 2q model
The equation (34) can be solved analytically and we have the solution
Since ν is dimensionful, if we introduce ν = ω β with ω ∼ o(1), then the equation for ν becomes 2ω 2 − (βJ )
from which we see that the transition from two conformal points occurs at the temperature (βJ ) 2 ∼ βK. If we plug the solution (63) into (28) and define x = 2νσ, together with J 2 = A cos θ and νK = A sin θ where θ ∈ (0, (cosh x + cos θ) 2 f λ (x) = −(
Although we are not able to solve (65), we can consider doing perturbation around the two conformal points and evaluate the correction to the Lyapunov exponent.
We first consider the case that = (βJ ) 2 βK 1 and βK 1, then we have
The left-hand-side of perturbed equation (65) becomes
Using the unperturbed ground state solution f λ (x) = 1 √ 2 cosh x , we get
We can also consider the case that 1 βJ γ = βK (βJ ) 2 1, then we have
The l.h.s of the perturbed equation becomes
However, in this case we see that the perturbation starts at o(γ 2 ), which implies that the eigenvalue of the ground state is − 
D Derivation of the chaos exponent from retarded kernel
The F (t 1 , t 2 ) function satisfies the following equation which comes from a set of ladder diagrams F (t 1 , t 2 ) = dt 3 dt 4 K R (t 1 , t 2 ; t 3 , t 4 )F (t 3 , t 4 )
The retarded kernel K R (t 1 , t 2 ; t 3 , t 4 ) is defined by + it 34 ))
where G R (t) is the retarded propagator, which in the large q limit is just θ(t), and G lr is the Wightman correlator with points separated by half of the thermal circle (G lr (t) = G(
To solve (72), we use the growth ansatz
then the Lyapunov exponent is just the values of λ L such that f (t) is an eigenfunction of K R with eigenvalue one by solving (72). By substituting (74) and (75) into (72) and taking derivatives with respect to t 1 and t 2 , we obtain the following equation
with σ = t 12 . The calculation of the Lyapunov exponent becomes the quantum mechanics problem of solving the bound state energy with the potential ∂ g U (g(
+ iσ)).
